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la
Find the critical points and local extremizers of
f(.’tl,xg,l'g) = CL’? + 3CE§ + x3

subject to
x3 + x5+ x§ =4

To solve this, we use Lagrange’s theorem, stating that if z* is a local minizer of f subject to h(x) = 0 then (as
long as Vhq, ..., Vh,, are linearly independent, there exists some A such that

Df(x*) + A'Dh(z*) =0

We have
21‘1
Df(x) = 6%2
1
and as there is only one h function, we just have
2131
Dh(z) = | 2z
2I3
so we want a A and x1, T3, x3 solving
23;‘1 21}1
6ry | +A| 222 | =0 2+ +a3=4
1 21’3
From the third equation we have x5 = —1/(2)). From the first equation we have
Il(l + )\) =0
So either 1 = 0 or A = —1. First consider when z; = 0. We then have

2, .2
Ty +x5=4

and
1‘2(3 + )\) =0



So x93 = 0 or A = —3. First consider when o = 0. Then 23 = £2 and A = +(—1/4). So two solutions are
(xla T2,T3, )‘) = (07 0,2, 71/4)3 (07 0,-2, 1/4)
Next we consider when A = —3. Then z3 = 1/6. Thus

x5 +1/36 =4

Meaning x9 = £ %. So two more solutions are

143 143
2 1/6. — /=2 1/6. —
(0. 55+ 1/6:=3). (0.~ 557 1/6.-3)

Now we consider the case where x1 # 0, so A = —1. For this case we have x3 = 1/2. Also 6z2 — 222 = 0 so
22(6 —2) =080 29 = 0. So we get
i 1/4=14

. 5 .
meaning r; = + %—‘6’. So our final two solutions are

15 15
—,0,1/2,-1),(=4/—=,0,1/2, -1
(4 35:0.1/2 =D, (- 15,0 1/2.-1)

We can summarize our results as follows To figure out if these points are minimizers for the function, we need

T T2 T3 A
0 0 2 | -3

0 0 2| 1

0 253

0 /i & -3
Vi 0 4 a
-/ B 0 5| -1

Table 1: Stationary points to function

the second order necessary/sufficient conditions, which would require that
L(z,\) = F(z) + AH(z)

is positive semi-definite or positive definite (but only for points in the tangent space). Similar, for negative semi-
definiteness, we would get a local max rather than a min.
We can compute L as follows

2 00 2 0 0
Lz,A)=10 6 0] +X[0 2 0
0 0 O 0 0 2
If A= —1/4 we get
3/2 0 0
L=\ 0 11/2 0
0 0 —1/2
We also have that the tangent space at the first point is
0 a
T(x*):{yeR3: 0 y:()}:{ b ZCLbER}
2 0



Note that, for any one of these vectors we get that y” Ly > 0. Meaning that this point satisfies the second order
sufficient condition and is a minimizer.
Next, note that the second point has

5/2 0 0
0 13/2 0
0 0 1/2

which is pos. definite for any y € R3, so in particular, for any y € T(z*) we get y? Ly > 0. So this point is also a
minimizer.
Next, when A = —3 we get

-4 0 0
L=|0 0 0
0 0 -6

and for this one we have

0
T(x*)={ycR®: | V143/3 |y =0}
1/3

This point will satisfy the necessary condition and the sufficient condition, because the only vector that wouldn’t
be negative from L is (0,a,0)”. So this point is local maximizer. Similarly, for the third point we get an identical
tangent space except with —v/143. So that will also be a local maximizer.

Now for the fifth and sixth point, we have A = —1 so

For the fifith point we get a tangent space like

where ay/12 + ¢/2 = 0. As b can be anything, we have (0,1,0) € T(z*) which would give us a positive number

from the quadratic form, but (a, 0, ¢) would give us a negative. So the matrix is indefinite, meaning the necessary
conditions are not satisfied.

1b

Find the solutions to
maxz! 39 T
0 3

[lzf| =1

subject to

Similarly, we will use the Lagrange conditions to find the stationary points. We have

AT o T . 6 5 . 6$1+5.T2
Df(z)=A"z4+ Az = (A" + A)z = <5 6)30— ( 521 -+ 619 )

Similarly,

Dh(z) = D(y/23 + 23) = (

6x1 + 512 -
< 5x1 + 622 )+>\< L

slEp
v

So the Lagrange conditions are

spEp
S~—
I
e}



and
|zf| =1
Note that the second equation implies that the first two equations must satisfy
6x1 +5x2+Axt1 =0 By +6x2+Ax2 =0

and the last equation implies that
22422 =1
We then can solve
1‘1(6 + /\) = —5$2

((6;)“) -

Also subbing into the second equation we get

and then

56+)\x2+(6—|—)\)x220
So either 25 = 0 or o
6+A\———-=0
AT

But if 2o = 0 then ;1 = 0 which is clearly not a solution. So we have
(6+N)?*—25=0

and thus
36+ 122+ A2 =25 =A2 4+ 12\ + 11 =0

which means A = —11 or A = —1. If A = —11, then
z3((5/5)* + 1) =1
s0 23 = y/1/2. Consequently x1 = x5 = y/1/2. So our first solution is
(z1,22,\) = (1/v/2,1/V/2, —11)
Now consider when A = —1. In this case,
2(2) =1
s0 xg = 1/4/2. Also 1(5) = —5x5. So 21 = —x = —1/+/2. Thus, our other solution is

We can now check the second order conditions by considering first that ||z|| = 1 if and only if ||z||> = 1. So

h(z) = 23 + 2% and we get
= (¢ )
-3 3
Lz, \) = (6 2) A (3 g)

o= (2 3

This matrix has eigenvalues —21 and —11, so it is negative definite. Thus the first point is a maximizer. We
would expect that, being a quadratic form, the function has a unique max. But just for fun, we can compute L

for A = —1 to be
4 5
L(z,\) = (5 4)

Which has eigenvalues 9 and —1. The tangent space for this point will be vectors of the form (1,1), which just
so happens to be the eigenvector for the 9 eigenvalue. So this second point is a minimizer.

So

(@21

If A= —11 we get



Let

I A
o= (i 7)
With A square the [|A||2 < 1. Prove that the condition number of B satisfies

1+ [IAlR

“B) = Tl

For this problem we first consider the SVD of A given by

A=UxV"

I Usv
B_(VEU* I )

), where Avy = 0pqu1, the largest singular value for A. We then get

Then note we can write B as

. Uy
Now consider the vector ( v
1

Uy _ I Uxv= Uy | u1 + Omazt B Uy
B ( V1 ) o (VZU* I V1 - V10maz + V1 - (1 * O—maz) (O
Note that for any vector of that form, the upper vector cannot grow in magnitude by more than 1 + 0,4, as it

will be the identity matrix plug a vector scaled by A.
Similarly, note that if we multiply by < u; ) we get
—U1

(2 ) =0 (1))

Observe that this is smallest scaling that can be applied to the vector for the same reason as above. Thus, we
have found the maximum scaling that B can achieve, which is in fact an eigenvalue for B, and the smallest.
Thus we get

Omaz = 1 + Omax

where 7,4, denotes the largest singular value of B. Similarly,
Omin = 1 — Omaz

and 0,4, denotes the largest singular value for A. Thus, the condition number for B, being the ratio of the

largest to the smallest singular value is
_ 1 + Uma:c

1- Omax

#(B)

3

The Jacobi iteration to solve Az = b is given by
x(k}+1) _ M71N$(k) +M71b

where
M=D N=-—(L+U)

And the Jacobi Over-Relaxation is

M:lD N:—(<1—1>D+L+U>
w

w



Prove that if Jacobi converges, then the over-relaxation also converges, when w € (0, 1].
To prove this, suppose that Jacobi converges. Suppose that x* is the solution we seek so

Az* =b

Note that
et g = MINg® L M —2f = (1T — M A)2® 4 M1 Az — 2

and we can factor out to the form
e g = (1T = M1 A) (2™ — z¥)

Let G = I — M~'A. Then we have that the method will converg if and only if ||G|| < 1 where the norm here
denotes the spectral radius, the largest eigenvalue. We suppose that regular Jacobi converges, meaning that for
G define in Jacobi, namely ||G|| < 1. Also denote M = D and N = —(L + U). Then we get for the over-relation

o= (o) (+((1-L)prrev))

Note that, as D is diagonal, its inverse is just the matrix with the inverse of its elements. Namely,
-1
1
(D) =wD™!
w

G =—-wD™! <<1—j}>D+L+U) =(1—-w)—-wD Y L+U)

So

Now observe that —D~}(L +U) = G. Now let u be an arbitrary unit vector. By the triangle inequality
|Gul| < (1 — w)||ul| + w||Gu|| < (1 +w) +w=1

As the spectral radius is bounded by the operator norm we get that the spectral radius must then be less than 1.
So the over-relaxation method will converge.

4

a

The Lanczos iteration will tridiagonalize a hermitian matrix A to the form

(6751 51 0 0 0
51 (65 ﬁg 0 0
Tn _ 0 ,62 Qs ﬁg 0
0 0 o i e Ba
0 0 ﬁn—l Qp

Show that if a symmetric, real matrix A has a multiple eigenvalue, then the algorithm will terminate prematurely.
For this problem, we will show that if A has a multiple eigenvalue, then the Krylov subspace IC,, will be dimension
strictly less than n. To see this, note that, if A has a multiple eigenvalue, its minimal polynomial, p4 will be
degree strictly less than n (where A is n x n). This means deg(ua) < n—1. Consider the Krylov subspace KC,,(b).
Note that, because 4 has highest power n — 1 at most, we have

pa(A)b e Kn(b)

But pa(A4) =0, so we have found a vector which is a linear combination of Ab for 0 < i < n—1 which is 0. Thus
the vectors b, Ab, ..., A"~ 1b are not linearly independent, so KC,,(b) must have dimension less than n.

Because the Krylov subspace is dimension-deficient, we know that at some point, the Gram-Schmit process for
finding an orthonormal basis for /C,, will fail for an iteration before n. This would mean that 8; = 0 for some
1 < n and the Lanczos algorithm will terminate, prematurely.



b

Premature termination of the algorithm does not necessarily mean we have a multiple eigenvalue. If our initial
starting vector b is chosen badly enough, i.e. if it does not have a component in every eigenspace for A, then
repeated iterations of A will not hit every eigenspace for A and IC,, will be dimension deficient.

However, if we consider the case where the algorithm terminates for almost every choice of b (as being in a lower
dimensional subspace is a measure-0 condition), then we do get the implication that A has a multiple eigenvalue.
This would be because pre-mature termination for almost all b means that there is a polynomial of degree < n
that zeros out A. Thus, the minimal polynomial of A is degree less than n, so there must be repeated factors in
the characteristic polynomial.

5
Let A be a positive definite symmetric n X n matrix and we seek a solution to
Ax=b
Let {21, ..., 2, } be a set of A-orthogonal non-zero vectors. Given a starting point xg, define the conjugate directions
Wi = W, Tk = Th—1 + WKk

Prove that Ax,, = b.
To prove this, first we show what happens when you take the product of x; and Az.
<Zk, b — Axk_1>

Az, ) = (Azg, xp—1) +
(A ) = Az, ) + 27—

<AZ;9, Zk>

canceling out terms and using linearity we get
(Azg, x—1) + (21, b) — (ATp_1, 28)
As A is symmetric, we have
(Azp—1,25) = (Tp—1, Azp)
Thus we are left with
<A2’k7 .%‘k> = <Zk7 b>
Now if we similarly consider
<Zk7 b — A:vk,1>
<Zk7 A2k>

for j # k we have the second term is 0 so we are left with just (Az;,xx_1). We then get, by repeatedly applying
our two formulas to z,, that

<AZ]‘7.%']€> = <AZ]‘,£L']€,1> + <A2’j7 Zk>

(Azy, xpn) = (21, b)
This happens because multiplication by Az; will reduce the index of x from n until it his &, leaving us with
Now consider that because all the z; are A orthogonal, they are linearly independent, meaning they form a basis.
Similarly, Az; form a basis, because A is positive-definite. Let

and
Ty = Q121 + ... +Qp2n
We then have
(Azg,xpn) = (Azg, 121 + ... + anzn) = ap(Azk, 2x)
and also
(21, D) = (2, BLAZL + ... + BnAzy) = Br(Azg, z1)
So by our equality above, we have
ak = Bk
for all k. Thus,
Axr, = 1Az + ... + apAz, = f1Az1 + ... + BpAz, = b



6

Let A = QR be a reduced QR factorization for a tall matrix A, which is N x n (for N > n). Prove that if R has
m nonzero values on its diagonal, then rank(A4) > m.

To prove this, we will show that Ae, ..., Ae,, are linearly independent, and thus im(A) has dimension at least m.
Without loss of generality, suppose that the matrix R is ordered so the m nonzero entries are first. Then we have

Aey = QRe; = Qrirer = rq
where ¢; is the ith column of Q). Similarly, we have

Aez =121q1 + 1222 Aez = T31q1 + T32G2 + 733G3
In general we have Aej, = Zle 7;,kq;- Now suppose that for some ;s we have
a1Aer + ...+ aAe,, =0
We then consider
0= (qm,a1de1 + ... + amAen) = rmmam
because Ae,, is the only vector in the sum that has a component in the g, direction. As we assumed r;; # 0 for
i < m we get a,,, = 0. We then get, by the same argument

0= <Qm717 ajAey + ...+ amAem> = T(m-1),(m—1)Om-1

S0 Q-1 = 0. Continuing through all m coefficients we get that «; must be 0 for all <. Meaning that the vectors
Ae; for i < m are linearly independent, by definition. So A will have rank at least m.
Alterative method We can alternatively get the result via Sylvester’s rank inequality, which states

rank(A) 4 rank(B) — n < rank(AB)
I this case we can apply it like
rank(Q) + rank(R) — n < rank(QR) = rank(A)

Note that @ is orthogonal, so rank(Q) = n. Also rank(R) = m as the nonzero values in the diagonal correspond
to nonzero eigenvalues. Then we get
n+m —n < rank(A)

S0
m < rank(A)

7

Consider the GMRES algorithm, which combines the Arnoldi algorithm with a least squares solver. Define
K, = span{b, Ab,..., A"~ 1b}, the nth Krylov subspace for b. Suppose that at iteration n we have ”arnoldi
breakdown” so hy41,, = 0.

a

Show that AKC,, C KC,,.
This problem is asking us to consider the case where Arnoldi breakdown occurs, which happens when the Krylov
subspace for n + 1 is dimension less than n + 1. This happens because

hngin = [Agn — > hjng;ll =0
j=1

where h; , = (¢j, Agn). This would imply that Ag, € span{qu,...,¢,}. In general, for j < n the Arnoldi iteration
gives us
1
Agj = Z hi ;g
i=1



Now consider Au where u € K,,. We can write
U=001q1 + ... +0ngn

S0
Au = a1 Aq1 + ... + anAgn

Note that for j < n, we have Ag; € span{qi, ..., ¢n} C ICp,. Also for Ag,, we showed that Ag,, € span{qi,...,¢n} C
K., as well. So Au € K,,. So AK,, C K,,.
b

Show that this guarentees = € K,, with x solving Az = b.
In the case described above, we have that the algoritm breaks down at iteration n and no earlier, so hj41,; # 0
when j < n. This means that for all j < n we get

j+1
Agj =Y hija
i=1
Because A is invertible, the dimension of AKX cannot be reduced from dim(/C,,). Thus AK,, is a dim(/C,,) dimen-
sional subspace in IC,,. Thus AKX = K,,. We then get that
be K, € AK,
So, by definition of AKC,, b = Az for some z € I,,.

C

Assuming A is diagonalizable and we are given n < m. Describe a method for determining b such that this
breakdown will occur no later than step n.

We want a vector b such that AKX, (b) = K, (b). Consider the orthonormal eigenbasis for A with eigenvectors
V1, eery Uy If we choose b € span{vy, ..., v, } we get that

A" = A1 + Ajve + ... + Alvy, € span{vy, ..., v }

So AJb € span{vi,...,v,} for all j. So the Krylov subspace must be dimension at most n. If AK, was not
contained in KC,,, then we would have n + 1 linearly independent vectors in span{vs, ..., v, }, which is clearly a
contradiction.

8

a

Consider the algorithm 2(*+1) = z(®) — a MV f(2®)) where f : R? = R and f € C' and
1 1
(s 1)

ap = argminazof(x(k) — aMV f(z®))

and

At some iteration we have V f(x(®)) = (1, —1)”. Find the largest range of values for a that guarantees ay > 0.
This is a modified version of the steepest descent algorithm, and we want to find the values for a such that
ar # 0, meaning there will be a descent direction in MV f (sc(k)). A descent direction will be a direction v in
which Vf(x)Tv > 0. This is essentially asking to find the conditions in which

V"I MV f(®) >0

@ 0o 2)(4)=0 ()=

so for the above quantity to be positive, we must have a > 0.

We can compute this value as



b

Consider a function f : R? — R with f(w) > ¢ for all w € R%. Assume there is some L > 0 such that
L
F') < f(w) + V)" (' = w) + Z[Jw —w|?

for all w,w’ € R%. Show that there exists some o € R such that if we run gradient descent with fixed step size a,
we get

2L
- D)2 < 22| F(w©) —
oin NIV < | (™) —df

If we consider w’ = w*Y) = w — aV f(w®), we have, from the descent lemma

F!) < f(w) = VF@) (@VF(w)) + 21|V fw)]]

= f(w) 197 ()[2(0 ~ “o-)

Rearranging we get

L
Fw') = fw) < ~[IVF@)|Palt - =)
and I
Fw) = f(') = ||V f(w)|Pa(l = )
If we pick a = 2/L we have a(1 — &2) = 1/(2L), so we get that
1
Jw) = f') = IVFw)|P5z
Subbing in what w and w’ are we have
FatD) - f@®) > |95 EW)P o

We sum up the iterates of this inequality for the iterations 1 through 7. Giving us

T-1
. 1 , T
(1) _ (0 > L I ONIE
F™) = 1) 2 SNV > iy I )P 5

Then we use the fact that f(w) > ¢ for all w to get

e T
@) > mi ON[EES
c—J@™) = min IV

and thus

2L .
)2 s ONE
o= F@)lZm = | _min IV ()]

Spring 2023
1
Consider Az = b with

1
A=1{0
a

o = O
— O Q

with a € C. Derive the condition on a for Gauss-Seidel to converge.
First note that Gauss-Seidel iterations take the form

25D = qz® 4 M1y

10



where M = L+ D and N = —U, and G = M~ !N, where L,U, D denote the strictly upper, lower, and diagonal
parts of the matrix. Then if we subtract * (the solution to Az* = b from both sides, we get
a* ) g = MINZ®) M — 2
=M Y (M - A)x® + M~ Az* — 2
=T -M1A)z® — (I - M 1Az
= (I —MtA) (2P -z
=Gz — )

So we get that the error z*) — z* will go to zero if p(G) < 1, i.e. the largest eigenvalue of G (in absolute value)
is less than 1. For this specified A we can compute

1 0 0
M=1[0 1 0
a 0 1

which has inverse

—a
SO
0 0 a
G=M'N=(0o 0 o0
0 0 —a2

which has eigenvalues A = 0, —a?. So if [a?| < 1 we get that the Gauss-Seidel iterations will converge.

2

Let B € R™*™ with rank(B) = p. Let A = I — BBT and we want to solve Az = b with the conjugate-gradient
method. Assuming a solution exists in at most how many iterations would convergence happen?

3

The Lanczos iteration trigiagonalizes a Hermitian A. Assuming exact arithmetic, prove that ¢; is orthogonal to

qiy - q5—1-
Note that

Bi-1q; = Agj—1 — Bj—2qj—2 — (¢j—1, Agj—1)qj—1

The first and third term ensure that 8;¢; L ¢;—1. Now, to proceed by induction, we assume that ¢;_1,...,q1 are
orthogonal. Then compute
(Bi—105qj—2) = ) _9Aqj—1 — Bj—2 — 0

Note that qf_Qqu,l = (qu,g)qu,l because A is self-adjoint. And Ag;—2 = Bj_2q;—1+6;-3¢j—3+(qj—2, Agj—2)q;—2.
So
(Agj—2)"qj—1 = (Bj—2qj—1,qj-1) = Bj—2

So
(Bj-14j,qj—2) = Pj—2 — Bj—2 =0

Also note that for any other ¢; we can write

(Bj145,a) = (Aq))"qj—1 +0

Note that unless { = j —2,j —1 Ag; will be a linear combination of g, with p < j —1. So the inner product above
will be 0. Thus we get that g; is orthogonal to all g; for ¢ < j.

11



4

Let A* = —A (skew Hermitian). Prove (I — A)~!(I + A) is unitary.
To prove this, first note that

T T+ =T+ AT -A) T =(I-AHIT+A) " =(T+4) ' T-4"
Also note that for any matrix (B*)~! = (B~!)*. Then we multiply the matrix by its Hermitian conjugate to get
(I=ATT+A)) ((T-ATTT+A) =T -A) (I -A)) " (I-A)(+A)

=(I—-AI+A) T -A) I+ A
=(I-AI-AYI+A)T+4

So the Hermitian conjugate of the matrix is its inverse, meaning the matrix is unitary.

5
Suppose M = AB has a QR factorization. Prove or disprove the following

e The matrix A has a QR factorization
e The matrix B has a QR factorization

In general, a matrix A will have a QR factorization if it is tall, i.e. it is m X n with m > n.

This question is rather weird in its form as written. It slightly depends on your definition of the QR factorization.
If we take the typical definition that A = QR where @ has orthogonal columns and R is upper triangular then
there are situations in which A has a QR factorization and B does not and visa versa. For example, let

1 1
A (0 s (o
0 1

1 1
as= (] 3)

which has a QR factorization. But note that A has no QR factorization (B does however). Alternatively consider

Then

1
A=12 B=(2 1)
3
Then
2 1
AB= |4 2
6 3

which is tall, so it has a QR factorization. If B has a QR factorization then @) would need to be 1 x k and R
would be kx 2. If k > 1, then @ could not be orthogonal (because any two scalars are always linearly dependent).
Sok=1land R=(2 1)

6

Let A be a square diagonalizable matrix with eigenvalues |[A 1| < |A2] < |As] < .... Consider the power method to
compute an eigenvector g; of A\; which iterates as z,11 = Az, /||Azn]|.

12



a

Show (by example or in words) that if |A\1| = |A\2|, the power method does not necessarily converge to an eigenvector
of )\1 .
If |[A\1] = |A2|, then we can have a part of the matrix that will not change the norm of a vector, but will simple

rotate the vector of repeatedly swap between 2 different eigenvectors in a cyclic pattern. The prototypical example
of this is the roation matrix
A 0 -1
“\1 0

Note that this matrix is diagonalizable, and decomposes as

1= (e W6 %) (% 1)

So |A1] = |A2]. Also note that if ||u|| = 1, then ||Au|| = 1. So the iteration will simple by z,11 = Az,. But this
matrix simple rotates the vector z,, by 7/2 about the origin, so clearly the iteration will never converge.

b

Prove that if A\; = Ag, and |[A3| < |A1, then the method still converges to an eigenvector of A;.
To prove this, we start by writing zg as a linear combination of eigenvectors for A, which is possible because
A is diagonalizable. So
20 = 0\1V1 + QUg + ... + Uy

where v,, are the eigenvectors for A for eigenvalues A1, As,.... Then note that
Azg = a1 Av1 + ... + ap AU,

and then
Az Q1A V1 + ... +F ap A Un,
|| Az \/<a1)\1@1 F o AU, A U]+ QAU

In the square root on the denominator, we can write the expression as

21

\/A%(Ozlvl + Qavg, a1v] + Qo) + O()\%fl)

because all other eigenvalues are bounded by A\; = A3. Then note that

APz ar vy + .+ ozn)\]flvn
Zk = =
[[Azo|| * [[Az ] * ... || Azg]| VI

Note that z3 = Az /|| Azol|| so

[ Azo|| || A2z0]|

|| Azo]| # | Az || =
1Azl

= [|A%2||

Similarly |[Azol| * [|Az1|] * ... % || Azk|| = ||A¥20|| So v = ||A¥2||? will be a large polynomial in A\; with the first
factor being
(o Mboy + 4 ap i, ai Moy 4+ e ME ) = AR agor + a2+ O(NF)

Then multiply the top and bottom by 1/A¥ and note that A\; = Ay to get

k k
a1V1 + Qo2 + a3 (i—‘f) v3 + ... +ap, (i‘\—?) Un

\/Halm + asvs|? + C’)(ﬁ)

ZE =

Then we take the limit as £ — oo to get
a1U] + QU2

2 — et T 22
||a1v1 + agvs|

which is an eigenvector of A with eigenvalue A;.

13



7

I wrote this problem down wrong and then solved it completely for the wrong f(x1,z2) so this is not actually the
answer to the qual problem. I did not finish it for this reason. I also messed up and said that p; < 0 at some
point which should not be possible. Consider the problem to find the extremizer of

2
]+ T1T2

subject to x% <z <2

a

Write down the KKT conditions for this problem and give all the points that satisfy them. The KKT conditions
are that there exist A € R™ and p € R? such that

V(z*) + ATDh(z*) + uT Dg(z*) = 0

with 47'g = 0 and p > 0. Here h is the vector of equality constraints and g is the vector of inequality constraints
(9(x1,22) <0). Here we just have g with

91(5817932) Z%*ZEl <
= = O
g < ga(r1, 72) ) < x—=2 )=
-1 322
Dg(xbe) = < 1 '32)

T (221 + 22 -1 1\ (221 + 20— p1 +p2)
Vf+u Dg—( - gy ) T2 lg) = 21 + 3l =0

So we get 4 equations

Then we have

Then

2r1 +x2 — 1 + p2 =0
T+ 3ﬂ1x§ =0
p (x5 — 1) + pa(x1 —2) = 0
(Note that the last equation actually gives two different equation as each term must be positive. First consider

the case when p1 = pg = 0. Then 2z; = —x5 and 21 = 0. So x2 = 0. This point satisfies g(z1,z2) < 0 because
g(z1,22) = (0,—2)T. So the first point that satisfies the KKT conditions is

(07 0’ 07 O)
Next let u1 =0, po # 0. We then get
2x1 + @2+ p2 =0
and x1 = 0. Also ps(x1 —2) = 0 so z; = 2. This cannot be solved so there are no solutions where p; = 0 and

po # 0. Next, consider when p; # 0 and pup = 0. We get 221 + 29 — 1 = 0, and xy = 3. If 25 = 0, we get the
solution we already obtained. If x5 # 0 we get the second equation as

x§+3u11320 = 22+3u1 =0

So
201 + Ty — 11 =225 + 13 —22/3=0

We factor out x5 again to get

2
2054+ =0
5+ 3
So 23 = 1/4/3. Then z; = ﬁ, which is certainly less than 2, so this point is valid. We then get that puq = %
So the point satisfying the KKT conditions is
1 1 1

P -k R 0

Gva e s

Finally, consider when g # 0 and po # 0. We then have z1 = 2 and x7 = 23. So 22 = /2. Then
2+ 31,223 =0

So puy = —271/3/3. And then py = —2z; — @9 + py = —4 — 21/3 — ﬁ Giving us our last point.
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b

The second order necessary conditions state that
F+ Gy + peGe =0

is positive semi-definite on the tangent space T'(x) = {y € R? : Dg;y = 0} for i € J(x), the active constraints of
g, where F' is the Hessian of f, G; is the Hessian of g; and Gs is the Hessian of go. We can compute this as

2 1 0 0 00y (2 1
(1 0)*“1 (0 6x2>+’u2 (0 o>_<1 6u1:1:2>

I will do the analysis just for the second point. So pjzq1 = —1/27. In this case

L(w, w2) = G —21/9>

In this case the only active constraint is g, so the tangent space will be all the vectors orthogonal to
-1
Dg, = ( 1 >
This will be vectors of the form ( Z ) For this vector note that

Ty, _ 3a \ _, 2 ZQ
va—(a a)(7/9a>—3a +9a >0

So this point satisfies the second order necessary conditions.

C

Determine whether the point satisfies the second order sufficient conditions. We will similarly just analyze the
point above. For that point note that v Lv = a?(34/9) so if a # 0 this will be strictly greater than 0. So this
point satisfies the second order sufficient conditions. Technically, we need to check vectors orthogonal to active
constraints where u; > 0. But for g1 we have py # 0.

8

a

Consider a linear program in the standard form. Let x be a basic feasible solution. Show that if the reduced cost
of every nonbasic variable is positive, then z is a unique solution.
A linear program is an optimization problem of the form min ¢’ 2 subject to Az = b and = > 0. Consider a basic
feasible solution, T. So AT = b and T > 0. Then let the reduced cost of every nonbasic variable be positive. That
is if

A= (B D)

Tp

where B is invertible, then = = ( N
d

> and for every index j such that x; is part of x4 we get the the reduced

cost,
cj — cTB_laj >0

We can then define 7 = e; — B~ !a; so the statement that the reduced cost is positive is simply ¢7'¢7 > 0. We
will show that every feasible direction (direction in which the equality constraint and inequality constraints are
preserved, is a positive linear combination of 7).

Suppose v is a feasible direction. So for a > 0 small enough, T + av satisfies the constraints. That is

AT+ aw) = AT+ aAv =b

15



But AT = b so we get that Av = 0. Now consider splitting v = ( zb ) as we do with . This means that
d

Bvb = —Dvd

So vy, is completely determined by vg. If vy = e; we get v, = —B~'De; = —B~'a;. So that means

k k
Vg = Z’yjej = v= Z'yjdj
=1 =1

as 6 = ej — B_laj. Also note that we need x +v > 0 so vq must only be a positive linear combination of e;
and thus v a positive linear combination of §7. So that means that, for any feasible direction,

k
x+v)=c"o+ Z v;cT8? > T
j=1

so long as all the ~;s are not 0. Meaning that x is a local minimizer of the objective. However, a linear program
is convex so a local minimum is a global minimum. We get uniqueness because of the strict inequalities above.

b

Use duality to prove that the problem of minimizing ¢’z subject to 2 > 0 will have a solution if and only if ¢ > 0.
Also show that if a solution exists, then 0 is a solution.

For a problem of the for min ¢’ « subject to Az > b and = > 0 the dual problem is max b’ X subject to ATA < ¢”
and A > 0. If the dual problem is bounded and has a nonempty feasible set, then the primal problem is nonempty
and bounded. To see this note that a value in the feasible set for the dual, AA > ¢ so Mz < ¢T'z and also
M'h < AT Az. So MT'b < cT'w. So if there is any feasible A, we get that ¢’z is bounded (from below). Also if ¢Zx
is unbounded (from below), there is no A that can be feasible for the dual problem. Additionally, note that if b7\
is unbounded, it means there can be no feasible x.

So if the dual problem has a solution (no-empty feasible set and bounded objective), then the primal will have
a solution. I do not actually know how to get the implication in the other direction using duality. But you can
prove the other direction using non-duality methods, as I do below.

Note that the problem above seeks to minimize ¢’z subject to > 0. This can be thought of as the standard
linear problem of minimizing ¢’z subject to Az > b with A = 0 and b = 0. The dual problem will then be to
maximize 0\ subject to 0 < ¢”. If ¢T % 0, then the dual problem will have no feasible solutions. If ¢! > 0, then
the dual will have a feasible solution (namely, any vector), and thus the primal problem will be bounded. The
primal problem necessarily has a nonempty feasible set, so it will have a solution.

If T 7 0, then let ¢; < 0. The vector x = ae; for any « > 0 will have that cTae; = ac; = —a|e;|, which will grow
to oo as @ — oo (which will always remain in the feasible set).

9
Let f: R™ — R be a convex function with f* = inf, f(z) > —oc. Consider the subgradient method

k+1)

at =z — apgF

where g* € 9f(2®)). Show that if 0 < oy, < 2% then

[l — 2] < [ja® — ¥

for any optimal point x*.
To prove this subtract * from both sides of our update rule to get

x(k+1) N g x(k) e Oékgk
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Then taking the norm of both sides via the inner product we get

k+1) m*HQ — <Jj(k+1) _ k+1) _ $*>

[l z*, 2
= (™ —z* —apg® 2™ — 2* — apg®)

= [|lz® — 27| |* — 205 (¢*, ™) —2*) + || g"|?
Now use the fact that gF € 9f(z®) to say f(z*) — f(z(®)) > (g*, 2* — (F)) so the above quantity becomes

= [l2™ — || + 201 (", 2" — ™)) + o} |16

< |[[a® —2*|* + 205 (f(@*) = f(zD)) + af|lg"|?
Now use the bound on aj, to get that

(f@™) = @) ) = f@®) (@) = f@))?
[lg* 112 [lg"1?
(f@®) = f@))?  (f@®) = f(27))?

— [l — 2| + 4 . 4
g1 g1

< |z® — 2% 2 4 4

= [le® — 2|

So we get |[z*+1) — 2*||2 < [|z*) — 2*||2. Meaning ||zt — 2*|| < ||=F) — z*|].

Fall 2024
1

Let A be a unitary matrix.

a

Prove that the condition number of A is 1.

For this proof we can proceed in two different ways. Firstly, consider the SVD of A given by UXV*. To get
the values on the diagonal of ¥ we consider the eigendecomposition of A*A. But A is unitary, so A*A = 1. So
all the eigenvalues of A*A are 1. The singular values o; will then be the square roots of the eigenvalues of A*A,
so they will be 1. Then note that

Omin
The second way to approach this proof is note that the singular values of A will be the absolute value of the
eigenvalues of A, when A is diagonalizable. As a unitary matrix, the eigenvalues of A will all lie on the unit circle,
and in particular have aboslute value 1. So all the singular values must be 1.

b

Prove that A is orthogonally diagonalizable.

This problem is trivial by invoking the spectral theorem (we have A*A = AA* = I, so A is normal and thus
orthogonally diagonalizable), so we will prove the special case of the spectral theorem for unitary A.

To do this, we will first show that for any eigenspace E of A. We have

V=E®E"

and B+ is A-invarient. Note that the direct product is obvious from the definition of £+. The more interesting
part is showing that AE+ = E+. Consider some v € E+. So (v,u) = 0 for all u € E. Then consider

(Av,u) = (v, A*u)
Because A and A* commute, they perserve each other eigenspaces (this can be seem because if Au = Au, then

AA*u = A*Au = AA*u). So A*u € E and thus (v, A*u) = 0. So Av € E*+.
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Now we proceed by induction on the dimension of the domain of A. The base case is easy, there is only one
eigenvector. For the inductive step, note that, by the fundamental theorem of algebra, A must have an eigenvector
in the space. Then A will have some eigenspace F and we can decompose

V=E+E"

Then the operator A|g. is still linear and by the inductive hypothesis, we get that it will be orthognally diago-
nalizable. So we have decomposed V into E along with the orthogonal eigenspaces we get from A|g.. So A will
be othogonally diagonalizable.

2

Let A be a real square matrix with eigendecomposition A = VAV ~!. Suppose that the perturbation A+ A has
eigenvalue p. Prove that there exists some eigenvalue A of A such that |A — p| < x(V)||0A|| (where x(A) is the
condition number of V' and || - || is the spectral norm).

For this problem we will first prove the hint: if p is not an eigenvalue of A then —1 is an eigenvalue of
(A — ul)~'V=15AV. To see this suppose w is an eigenvalue of A + §A with eigenvalue pu. Then

A+ 5A)w = pw
( It

Rearranging this expression gives us
(A—Tp)w=—-56Aw

Now define w! = V~tw. We can then write
V(A= pDw' = V(A = pul)V 7w =(A—Ipw=—5Aw = —5AVw!
We can multiply both expressions by V=1 then to get
(A — phHw' =~V 15AVw!
And finally, note that (A — u)~! will be nonsingular because y is not an eigenvalue of A, we get
w' = (A — pI)"'VTISAY

Next we show that the spectral norm is submultiplicative. That is ||AB]|| < ||A||||B]|- To see this, consider the
SVD of A, B so o
AB =UZV*UXV*

Because U, V, U , V can never change the magnitude of a vector, the spectral norm will depend only on the product
3. As both matices are diagonal, the product will just be the element-wise product of the diagonals, will will
certainly be less than 0,420 maez- S0 the spectral norm is sub-multiplicative.

Now, for the problem, if x4 is an eigenvalue of A, then the inequality is true trivially. So suppose not. Then we
have that —1 is an eigenvalue of (A — ul)~*V~1§AV. Thus, the spetral norm will satisify

1< [J(A = uD)TVTISAV] < JJ(A = pI) |6 A]/(V)

Note that ||A — pI|| = /\-1—u for some A; because the matrix is diagonal so we know all its eigenvalues. Thus, for
J

some \; we get
(A — 1) < w(V)[6A]

As desired.
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