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This document contains a brief overview of all the topics that I have found may appear on the numerical
analysis qualifying exam. I have tried to organize the topics by similarlity. The list of topics was started based
off the UCLA qual website https://ww3.math.ucla.edu/qualifying-exam-dates/ and appended as past qual
problems were done.
Past numerical analysis qualifying exams can be found at https://ww3.math.ucla.edu/past-qualifying-exams/
Much of the material on undergraduate numerical analysis was taken from [4]. Material on numerical methods
for ODEs was mainly taken from [1],[2], and [3]. Material for numerical methods on the one-way wave equation
is taken from [6]. Material on conservation laws is taken from Yuxuan Liu’s notes and [5]

1 Interpolation

1.1 Lagrange Interpolation

If zg,...,x, are n + 1 distinct real numbers and f is defined on those numbers, then there is a unique, degree-n
polynomial P such that
P(z;) = f(z:)
for all = 0,...,n. The n’th Lagrange Interpolating Polynomial is given by
(x —z0)(z —21)e(x — 2p—1) (T — Thg1) (T — X))
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Ln’k(x) =

The unique polynomial P is then given by
P(z) = f(xo)Lno(z) + f(x1)Lni(z) + ... + f(zn) Lnn(x)

1.2 Divided Differences

The divided differences for a function f and real numbers xg, ..., z,, is defined by

flei, xiga] = M
Tit+1 ZT;

and the kth divided difference is given by

flwivt, o xigr] = flws, o i 1]
LTitk — T4

flas, Tig1s oo, Tigr) =

If P is the polynomial made from the Lagrange interpolating polynomials above, then (Newton’s Divided Differ-
ence Formula)

P(z) = flxo] + Z flzo, - zi](x — xg)...(@ — TR—1)
k=1

If f € C™[a,b] then there exists a number £ € (a,b) such that
g

n!

f[xo, 73}71]



1.3 Cubic Spline Interpolation

For a function f defined on [a,b] and a set of notes a = zp < ... < x,, = b the cubic spline interpolation is the
piecewise-cubic function S such that

1. On each sub-interval [x;,z;41], S is a cubic function, denoted S;
i(x5) = f(x5), Sj(@je1) = fzj41)
3. Sj(@j+1) = Sjt1(xj41)

4. S
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/
J
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(
If 8" (xo) = S”(x,) = 0, it is a natural or free boundary. If S'(xg) = f'(xo) and S'(z,) = f/(z,), it is a clamped
boundary.
There is always a unique natural spline interpolating between n data points and a unique clamped spline
interpolating between n data points (assuming that f'(x¢) and f/(z,) are given).
If f € C*[a,b] with max|f*)(z)| < M then there will be some constant C' such that

|f(z) = S(x)| < Cm?X(in —zj41)?

for a clamped spline C' = %

2 Numerical Differentiation

Forward difference formula
Backward difference formula

(n + 1)-point formula

n (n+1) .
= flaw)Li(z;) L L) (E()) IT @—a
k=0

|
(n+1)! k=0t

which comes from the error bound for the Lagrange interpolating polynomials.
Second derivative midpoint formula

(o) = 5 (F(wo — ) — 21 (x0) + F(xo + W) — = F9 e

3 Richardson Extrapolation

If your error is of the form
M = N(h) + K1h + Koh* +

then you can define No(h) = N (%) + (N(%) — N(h)) to get

K2

K; .
M = Ny(h) — =2h2 — RLEPE

—h’+ ..
1 +

increasing the order of the approximation by 1.



4 Numerical Integration

4.1 Trapezoidal Rule

The trapezoidal rule comes from approximating the function by two points and using the trapezoid as an estimate
for the integral

h3
/ Fla)de = 2(F(a) + F(8) — (0

where h =0 —a

4.2 Simpson’s Rule

For Simpson’s rule we use 3 points
2 h hs
[ #@xds = (s ) + 4f(@) + faa) - g5 O
T
where h = (b — a)/2 and the points are evenly spaced.

4.3 Newton-Cotes

The (n+1)-point closed Newton-Cotes formula uses the points g = a, 21 = a+h, ..., tp—1 = a+(n—1)h,z, = b
with h = (b—a)/n
n+1

/ flx da:NZalf (z4)

ai:/ dx—/gﬂ H

Jj= 0J7'5Z

The open version is the same thing but without the endpoints so g = a+h and z, = b—h with h = (b—a)/(n+2)

4.4 Composite Numerical Integration

Composite numerical integration is when we break up the integral into a bunch of smaller ones and then apply
one of our rules for each one.
The composite Simpson’s rule is

b B h n/2—1 n/2 (b—a)h4 W
|tz =5 (s +2 3 o)+ 43 flangoa) + flan) | = g1

4.5 Romburg Integration

We apply Richardson Extrapolation to the composite trapezoid rule for numerical integration. Denote the integral
approximation for n =1,2,4,8,... by Ry 1, R21,.... Then we can increase the order of our approximation via

1
T_l(Rk,jfl + Ri—1,j-1)

Ry j= Ry j—1+ yE

4.6 Gaussian Quadrature

We seek to approximate



where the x; are not necessarily easily spaced. The Gaussian quadrature is the choice of ¢;’s and x;’s such that
the formula is exact for polynomials up to (and including degree 2n — 1. For n = 2 the optimal choice is

b
[ swaex 152+ (%)
-1

which gives correct answers for polynomials of degree less than or equal to 2n — 1 = 3.
For higher order accurate formulas, define P, as the n’th Legendre polynomaial. The Legendre polynomials are
monic and satisfy

/11 P(z)P,(xz)dz =0
if P(z) is a polynomial of degree less than n. The first few are
Po=1 P(x)=x Py(z)=2>-1/3 Ps(x)=2"-3/5z
Then let x4, ..., x, be the roots of the n’th Legendre polynomial. And let

1
T —x;

c,-:/ || L dx
_ i — g

X
V=142 77

The above z;’s and ¢;’s define the n’th order Gaussian quadrature, which is accurate for polynomials of degree
2n — 1.

5 Iterative Methods

5.1 Fixed Point Iteration
If g € Cla,b] such that |¢’| < k for some constant 0 < k < 1, then for any pg € [a, b], the sequence
Pn+1 = g(pn)

converges to a unique fixed point for g.
In fact this convergence is linear, meaning

lim Pn+1 — P

n—oo  p, — p*

=<1

Note this it may converge faster, but it will be at least linear, always.
If, in addition, g € C?[a,b] with |¢”| < M and ¢'(p*) = 0, then for py sufficiently close to p* we get quadratic
convergence. In fact for high enough n we have

M
[Prtr =" < - lpn = p7]
Quadratic convergence for fixed-point iteration can only occur if ¢'(p*) =0

5.2 Newton’s Method
Newton’s method for finding a root of f € C?[a,b] is given by

o f(pn)
Pn+1 = Pn F'(pn)

If started sufficiently close to p* where p* is a simple root, then Newton’s method will converge quadratically.
If p* is a root of multiplicity m, then the modification to Newton’s method given by

_ _m f(pn)
Pn+1 = DPn 7(pn)

bn



will converge quadratically. For a non-simple root of any order, we can apply Newton’s method to the function

p(x) = ){’((Z)) giving

e I@f (@)

(f"(x))? = f(z)f" (x)
However, this is generally a dumb idea in practice because floating point error in the denominator causes the
iterations to be thrown wildly off (boy, sure it great they make us study this modification then...).

6 Numerical Methods for ODEs

Generally, we consider ODEs of the form
dy
6.1 Stability and Consistency

A numerical scheme is 0-stable if, for two different solutions, x,, z, with potentially different initial conditions,
but otherwise all things the same we can bound

|z; — 2| < Kl|zo — 2o

for some constant K and all ¢ < N where N = (b — a)/h. This basically means that the solutions depend
continuously on the initial conditions.

The local truncation error for a method is the difference between a the scheme and the actual ODE when
applied to a solution. If the difference scheme is given by some update rule

Yn+1 = (I)h(yn)

then the local truncation error is defined as

Y(tnr1) = Cu(y(tn)) +7n

where y(t) is a solution to the ODE.
A numerical scheme is consistant if
T =o(h) lim7,/h=0
h—0

We say that a numerical scheme is convergent of order p if
€n = Yn — y(tn) = O(hp)

where y(t) solves the ODE and eg = 0 (initial conditions match).

Theorem: A numerical method that is both consistent and O-stable is convergent.

For a 0-stable method, if 7,, = O(hP), then the method will be convergent of oder p — 1.
The Region of Absolute Stability for a method is

S ={Mh € C:y, — 0 when the scheme is applied to the model problem with h}

where the model problem is

y' =y
This means that, for Ah € S, the scheme will have y,, — 0 as n — oo when the step size is h, when applied to
the model problem.

To get the region of absolute stability, you simply apply the method to ¥ = Ay and find the conditions for 3, — 0.
For example, the region of absolute stability for forward euler is

{zeC:|1+2 <1}



6.2 Common Methods
6.2.1 Forward Euler

Yn+1l = Yn + hf(tnvyn)
We find the local truncation error by plugging in y(¢) (an exact solution to the ODE) to get

Y(tns1) = y(tn) + hf(tn, y(tn)) +

Then noting that
2

Y(tnsn) = 9(t0) + R f (tos y(60) + oy (€)

So we get
="y
n = 2y

Suppose f has Lipschitz constant L and y” is bounded by M. Then we can get the global error as

lent1l = [y(tnt1) = Yns1 = y(tn) + hf(tn, y(tn)) — yn — Af (tns yn) + 7l
<|y(tn) = ynl + hlf (tn, y(tn)) — fEnsyn)| + |70l
<en+hL(y(tn) — yn) + |7l
= (1+hL)e, + ||

So, by repeatedly applying this inequality we get
len] < (14 hL)e, 1+ |7n| < (1+hL)*en_o+ (14 hL)|Tm_1| + |7nl

etc. Finally arriving at
n—1 )
len] < (14 hL)"e + Y (1 +hL)|7;|
j=0
(1+hL)" -1
< (1+hL)" | —
< (L) e+ max [nl5—a—7 7

h®M (14 hL)" — 1
§(1+hL)n€0+ ( + )

2 —~hL
<h2M(1+hL)"—1
-2 hL
hM
= —((1+hL)" -1
o (L+AD)" 1)

Where we have assumed that eqg = 0. Now we use the fact that (1 +hL)" < ™" and nh = T (the length of the
time interval we are considering to get

MM i

hM
— —1) < —¢It
2L ) c

<
len] < =L

So forward Euler is an order-1 method.

6.2.2 Backward Euler

The backward Euler method is an implicit scheme given by

Ynt1 = Yn + hf(tn, Yns1)

The local truncation error is found by noting that

2

(i) = 9(t0) + R f (to y(00) + oy (€)



and

o y(tns1)) = F(tn, y(tn) + Ytars) = y(ta)) fy(tn, y(tn)) + O(h?) = f(tn, y(tn)) + hf fy + O(h?)

So
2
Y(tn) + hf(tn, y(tn)) + %y"(f) = y(tn) + h(f(tn, y(tn)) + hf fy + O(h%)) + 7
Note that ff, =y" so
2. 1 1 h2 "
= RO — 1) = 2y

If we let M be a bound on 3" and f have Lipschitz constant L. Then we have

ent1 = |Y(tni1) = Ynr1l = [y(tn) + Af(tny(tni1)) + 7o — Yn — hf (tns1, Yns1)]
< |y(tn) = ynl + ALY (tns1) = Ynsrl + |Tal
=en+ hleny1 + |7l

So enq1 < 757 + 1|_TT;L‘L Repeatedly applying this formula gives

n—1

€o |7
< -
N AT J;) (1— hL)n—

Our bound gives us that |7,| < MThz for all n so, assuming ey = 0 we get
n
Mh? 1
R Y —
<) = (1— hL)i
Jj=1

We then apply the geometric sum formula to get

et ()" (1 () - 1)

en <
n = T
2 1— 1= 2 hL
which we simply as
< Mh(1 1 ")
=L 1—hL
Note that 1_1hL =1+ 1fﬁL and that
e —h
1—hL" —
S0 Mh Mh
en S i(l + e%) = ﬁ(l + el—hL)

So implicit Euler is an order-1 method.

6.2.3 Heun’s Method (Explicit Trapezoid, Modified Euler’s Method)

Heun’s method is given by the update rule

ﬁ f(tnvyn) + f(tn+17yn + hf(tnayn))

Yn+1 = Yn + 2(

Heun’s method will be an order 2 method.

6.2.4 Implicit Trapezoid

The implicit trapezoid method is given by the update rule

ﬁ f(tna yn) + f(tn-‘rh yn+l))

Yn+1 = Yn + 2(



7 Numerical Methods for PDEs
7.1 The One-Way Wave Equation

The simplest one-way wave equation (and simpliest PDE for that matter) is the
up + auy = f(t, x)

for « € [xo, 1], t > 0, with initial data given by u(0,z) = ug(z).

7.1.1 The Method of Characteristics

Often the qual is concerned with the well-posedness of an IBVP. For a one-way wave equation, the standard way
to do this is with the method of characteristics. Note that while the method is often used for solving equations,
you do not necessarily need to solve the equation to determine if the problem is well-posed.

We can consider the one-way wave with variable coefficient

Ut + a(t7 x)uw = f(t,I)

Then we seek a transform of the form ¢ — 7 and x — £ such that the differential operator on the left hand side
will simplify. This will be a specific curve in the at-plane. Let us consider z = z(7) and t = (7). Then

d

Eu(t(T), z(7)) = t'uy + 2'u,

If we pick t(7) such that ¢’ = 1 and x(7) such that ' = a(t,z) then this will be accomplished. Immediately, we
see that t = 7 will work. The second condition will be satisfied if we can solve the ODE

dx
E - a(x,t)

Once we do this we have

d
Sult,a(t) = f(t,2)

We could equivalently write w(t) = u(t, z(t)) and solving the PDE becomes a problem of solving the ODE

w = f(t, )

The well-posedness of the problem will then come down to the solvability of this ODE and its dependence on
initial conditions. Typically we will be concerned with solving the PDE on a bounded interval [zg,21]. The
characteristic curves we get from solving the ODE for z(t) will inform the dependence on initial conditions. If
x(0) is outside the interval, but x(t) € [z, z1] for some ¢ later, then a value inside the specified interval will
depend on an initial value outside the interval. Because the initial conditions ug(x) are only specified in the
interval [zg, 21] we will need more information, in the form of boundary values.

We can then say that for the problem on x € [a, b], if 2/(t) > 0 when & = x( for any t then we will need boundary
conditions on the boundary x = z¢. If 2/(¢) < 0 when z = x; for any ¢, then we will need boundary conditions
on the boundary for x = z1. Here x(t) is the characteristic curve described above. Otherwise, we cannot specify
boundary conditions and have a solution necessarily exist.

Often a will just be a function of z, a(x), which case, we get 2/(t) = a(z), so the boundary conditions required
will depend on the sign of a(xo) and a(x1).

7.1.2 Stability and the CLF Conditions

A numerical finite difference scheme approximating the one-way wave (or any PDE) is stable in stability region
I (a region in the kh-plane) if there exists some integer J such that for any positive time 7" we have

[eS) J 00
D SR TALEeA Sl DA

m=—o00 j=1lm=—o0



for all n < T/k. where Cp can depend on T but not h or k. Note that this is saying

J
hllo" [l < Crhy |17l
j=1
where || - ||;, denotes the spacial lo discrete norm. So stability states that every Il norm for each timestep is

bounded by a constant times the sum of the first few /3 norms.
The Courant-Friedrichs-Lewy condition states that, for a finite difference scheme, trying to approximate
the one-way wave equation, if the scheme is of the form

n+1 _ n n n
Um - CM}m71 + B’Um + ’Y/Uerl

A necessary condition for stability of the scheme is
laX| <1

where A = k/h. This can be thought of as the condition that the speed propagation of information of the wave
(given by a) is less than the speed at which the finite difference scheme calculates (which is given by the ratio
between the temporal step size and spacial step size).

The CFL conditions will generally not be sufficient.

7.1.3 Consistancy and The Lax-Richtmyer Equivalence Theorem

Consistency of a method say whether the difference operator approximates the differential operator. A finite
difference scheme Py v = f is consistant with the differential equation Pu = f if, for any smooth ¢

Pond—Pp—0 ashk—0

The Lax Richtmyer Equivalence theorem tells us necessary and sufficient conditions for a finite difference scheme to
be convergent. The theorem states that for a well-posed PDE problem, a consistant finite difference approximation
will converge if and only if it is stable. So it should be thought of as

consistency + stability <= convergence

The theorem will be useful for finding difference schemes for the one-way wave, heat equation, and wave equation.
However it will not be useful for conservation laws, as the solutions to such problems may not be unique.

7.1.4 Von Neumann Analysis

This method for determining the stability of a method relies on the fact that the Lo (discrete and continuous)
norm is preserved under the Fourier transform, and that in the Fourier domain, derivatives become multiplication
by iw. For a linear, constant-coefficient PDE, the finite difference scheme (when written in an update-rule form)
will turn out to be

0" (w) = g(hw, k, h)vn(w)
we typically write hw = 6. So the stability of a method will depend nicely on the initial conditions if and only if
lg| < 1. Von Neumann analysis is the process of finding g.
The quickest way to do this to to plug in v?, — g"e"™? into the scheme and then solve for g. Note that an
increment of the index in the space domain shows up as multiplication by e in the Fourier domain.
The full theorem for stability with Von Neumann analysis states that if ¢ = g(0) the method is stable if and only
if |g| < 1. And if g = g(0, h, k), the method is stable if and onnly if

9(0,h, k)| <1+ ak

Another important thing to remember is that the stability of a scheme will be independent of f. So when
determining stability, we typically set f = 0 for simplicity.

If we have a problem where a = a(z), then technically, the analysis in the Fourier domain will not work the
same as the Fourier transform of a will not be the same as a and we will get a convolution in general. However,
we can still analyze this problem using Von Neumann analysis if we consider the frozen coefficient problems
for every possible value of a. If a scheme is stable for every frozen coefficient problem, that is the problem where
we consider a fixed, then the scheme will be stable for the actual problem. So we can treat a as a constant until
the Von Neumann analysis is complete and then derive a condition on a that will allow the scheme to be stable
for all a.



7.1.5 L. Analysis

The definition of stability is actually independent of the choice of norm, so a scheme will still satisfy the Lax-
Richtmyer Equivalence Theorem if it is stable for a norm other than the Ly norm. In particular, it may be helpful

to consider the L., norm given by
"] = max o],

The Lo can be conducted by writing v as a function of v%_;,v%,v" ; and then taking the Lo, norm of both

sides. If we can bound |[v" ||« by ¢|[v"||oo, Where ¢ < 1, the scheme will be stable.
This is a useful method for analyzing nonlinear problems, including conservation laws. It can be used for the
one-way wave equation when a = a(x).

7.1.6 Symbol Analysis

The symbol of a differential operator, p(s, &) is given by
P(esteigx) _ p(S, g)esteigz

The symbol of a differential operator can be used to determine if the problem posed by the operator is well-posed.
In particular, it can be used to determine if the problem

Pu=0

is well-posed. It can be determined by finding the roots of p(s,£) in s. That is the values ¢(£) such that
p(q(£),€) = 0. Then if Re(q(§)) < g for some g, the PDE is well-posed, in the sense that the solution will not
blow up. For linear PDEs, this is equivalent to examining the equation in the Fourier domain, and making sure
the solution

a(t, &) = e"®tay ()

does not run off to oo as we let £ € R.
The symbol for a difference operator is analogously defined to be py (s, &) where

Pk,h(ESkneimhg) _ pk,h(& g)eskneimhg
If we let ry (s, &) be the symbol for Ry, p, then a difference scheme of the form
Py nv=Rinf

to solve the equation
Pu=f

is consistent if and only if
pk,h(sa g) - 'rk,h(S, £)p(s7 g) = O(hp) + O(kq)
where p,q > 0.

7.1.7 Common Schemes and their Stability

The Lax-Friedrich Scheme is given by

n+1 1/,n n n n
Um =~ — §(U7n+1 + Um—l) Um+1 — Um—1 _
+a =/fm

k 2h

To analyze the stability of this scheme, we plug in g’ to get

gn+1eim9 _ %(gnei(m+1)0 + ei(mfl)ﬁ) gnei(m+1)9 _ gnei(m—l)e fn
+a =
k 2h m
Now we set f7 for simplicity. Dividing the above expression by g"e"™? gives
1. . A ,
g— 5(619 + 6—10) + %(610 _ 6—19) -0

10



Solving for g gives

1 . , A ,
g= 5(619 +e i) — C%(ew — e %) = cos() — ia\sin()
Then
lg|? = cos?(8) + a®\?sin?(h)
which will be less than 1 if and only if |[aA| < 1. So the stability conditions for Lax-Friedrich is the same as the
CFL condition.

The Crank-Nicolson Scheme is given by

+1 +1
ot — g, n aviim — U1 Vg — Ui _ i
k 4h 2
This is an implicit scheme, but the stability can be found in the same way using Von Neumann analysis. We plug
in v — g"e?™? and simplify (using f = 0) to get

g1 . get® — ge=i0 1 ¢t _ =0 .
a =
k 4h

and we can find g to be
1= 24 sin(6)
1+ %sin(0)
which will have |g| = 1 for any a). So this scheme is unconditionally stable. The Crank-Nicolson scheme is
also accurate to order (2,2), that is order 2 in time and 2 in space.
The Lax-Windroff Scheme is given by

g

n+1
Um

n n 2 n n n
— UZ;LL +avm+1 — Um—1 _ a‘k Um+1 — 2Um + Um—1
k 2h 2 h?

1 n n ak n n
:i(fm-i_l + fm) - R( m+1 m—l)

The amplification factor, g can be found for this scheme to be
0
9> =1 — 4a®X\3(1 — a®)\?) sin4(§)
which will be less than 1 provided the CFL conditions are met, i.e. that |aA| < 1.

7.1.8 Higher Dimensional Analogues
There may be higher-dimensional versions of the one-way wave equation such as those of the form
u + a(t, z, y)us + b(t, z, y)uy = f(t, 2, y)

The method of characteristics will work the same for the one-dimensional case, except that we will have 2/(t) =
a(t,z,y) and y'(t) = b(t,z,y) and the well-posedness will depend on z’ and y’ on the boundaries for z and y
respectively.

The higher-dimensional Lax-Friedrich Scheme (for 2 spacial dimensions) can be formulated as

nt+l _ 1/.n n n n n _n n _an
ot — 11 T U1 U U ) Upt1d ~ Um—14 5 Umit1 — Vm,i—1 n
+a +b =fm

k 2h, 2h,

%

So rather than taking the average of 2 values in the forward time difference, we take the average of 4.
The higher-dimensional Crank-Nicholson scheme (for 2 spacial dimensions) can be formulated as

n+1

n n n n
vm,l - Um,l 1 ( Um+1,0 = Um—1,1 + bvm,l+1 - Um7l_1>

2 2h, 2h,

k 2

+

b
3 +

n+1 n+1 n+1 n+1
1 avm-i-l,l - Um—Ll vm,l—i—l - vm,l—l -0
2h, 2h,

However, most of the time on the qual, if presented with a multi-dimensional equation, the best solution is often
transforming the equation into a system of PDEs, each of which have a simpler form.

11



7.2 Comnservation Laws

A conservation law is a PDE of the form
Uy + (f(u))ac =0

For some smooth f. There is also the ”vanishing viscosity version” of the conservation law which will take the
form

Ut + (f(u)):v = CUgy

and we will want to convergent method for when € — 0. These problems are also given with smooth initial data
u(x,0) = ug(z). The first thing to note about these problems is technically, they are not well-posed. This is
because solutions to the problem may not be unique. Because of this, the Lax equivalence theorem no longer
applies. In the qual we will typically be asked to construct a convergent finite difference scheme which converges
for t > 0, even as € — 0.

7.2.1 Convergence of Conservation Law FD Schemes

First I should note that the CFL conditions for conservation laws state that a necessary condition for convergence
of a scheme is that
A (u)] <1

for any u in the range that numerical approximation can take.

Our main (and pretty much only) theorem for convergence of a finite difference scheme for a conservation law
is theorem 15.2 in [5]. This theorem says that for a finite difference scheme to converge on a conservation law we
need 3 things:

1. The numerical method can be written in conservative form with a Lipschitz continuous numerical flux
2. The numerical flux is consistent with the conservation law we wish to solve
3. The method is T'V-stable (total-variation stable)

In this case, converge means that d(Uy, W) — 0 as k — 0, where Uy, is the numerical solution and W is the set
of solutions to the actual PDE. So it is important to note that the numerical approximations won’t necessarily
head towards 1 solution and without further requirements, we do not know what solution it will head towards.
But it will converge. The TV-stability of the method ensures that the functions output by our numerical scheme
live in a compact space, meaning that we can be sure the Cauchy sequence given by our scheme will converge.
First, the conservation form of a finite difference scheme is the following

vt = v = A(F (v, vp ) = F(ug_y,0p)

with A = % The function F' is called the numerical flux. Note that this is only the definition for a one-step
function, but that should be sufficient for the qual.

The second condition is that the numerical flux is consistent with the conservation law we wish to solve and it is
Lipschitz continuous. We actually check both these at the same time, by verifying the below inequality

[F(v,w) — f(@)] < Kmax{[v -, |w -]}

for some constant K that may depend on w. Once the numerical flux is determined, this is typically not too hard
to verify, so long as the original f is Lipschitz.

Finally, to check the method is TV-stable, we have a few possibilities. Checking directly is difficult and will
generally not be done. It is much easier to check slightly stronger conditions that imply TV stability, meaning
that the total variation of all approximations v™ is bounded by a fixed constant (usually denoted R). The first
condition we could check is that the method is total variation diminishing, meaning that TV (v™) < TV (v 1)
for all n. In that case, the total variation of any time step would be bounded by the total variation of the first.
A slightly easier condition to check is that the method is [;-contracting. This means that for any v™,w™
numerical solutions to the conservation law obtained by our method, we have

o™ =]y < " = w0y
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where || - ||1 is the 1 norm defined by
o0
lo™lli=h Y |of]
j=—00

or a similarly truncated sum if the grid is finite. From [5] we know that an l;-contracting method is total variation
diminishing, meaning it is TV-stable.
However the easier way to verify that a method is TV-stable is to show that the method is monotone. This
means that

o >t Ym = v > Wt vm

m m

This can be checked rather easily by writing the method as
v?nJrl = H(U:Ln—la v;tﬂ vgz-«—l)

and verifying
oH >0

oy —
for all j. This is much easier to do than verifying [; stability, but it can only be done for first order accurate
methods. Namely, the Lax-Friedrich method will be monotone (as it is first-order accurate). But if we need a
second order accurate method it will not be monotone.

7.2.2 Example Method: Lax-Friedrich

For solving the PDE

the Lax-Friedrich method can be defined analogously to the advection case as

1 A
v = 51+ vn) = S h) = f0h)

where A = k/h. This will then have numerical flux given by

1 1
F(op,vhaq) = 5(?}% — Upmy1) §(f(vgz) + f(m+1))

Then we can see

ot =0l — X (F (o, vl q) — F(ul_y,vm)

m—17Ym
= Uy — §(Um - U7n+1) - §(f(v7n) + f(vm-‘rl)) + §(U7n—1 - U’m) + §(f(vm—1) + f(vm))
=Un = Unp + 5(’07”4—1 + Um—l) + §(f(vm—1) - f(vfm—i-l))
1 n n A n n
= §(U7rz+1 =+ Um—l) - §(f(vm+1) - f(vm—l))
recovering the original method. If instead we have the PDE
up + (f(u)z = €ty
Then we use the modified Lax-Friedrich scheme given by
ot — ko, — %(U&H + V1) i fpg) = flon, 1) _ EUT”:L+1 —2up + v
k 2h h?
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For this method to converge as ¢ — 0, we must have that € = h; To write this out in conservative form we note
that

1—-% k ek
optt = ko, + T(’U;L@Jrl + Up_1) + ﬁ(ﬂvﬁm) = flom_1)) + ﬁ(“mﬂ — 2uy, + Vg, 1)

= o i = — 0 ) o () S ) — (P + F(t50)))

ek , ,
* e =~ G+ i)

s A i A
= U, TP oy (Umt1 = 5 —

33

Um)
()\2/\k( no—um )+ %(f(v;g,l + fo™)) + %(U; + v:“))

=vp = AN(F(vp, v 1) — Fvp_1,0m))

m ms “m+1 m—17Ym

1-k
if F( Um» m+1) = TN (U;nn+1 - v:rlz) +3 (f( ) + f( m+1)) (,U;LL—&-l - v?n)
Now we will show for the vanishing VlSCOSlty case, that the scheme converges via theorem 15.2 in [5]. We have
already written the method in conservation form. We merely need to check that the numerical flux is consistent
with f. To do this, note that

1

I (o,0) ~ F@)] = [T 0 =) + 2 (F0) + F(@) + £ —v) ~ 1(@)

1-k -
|5+ f) e
< (S5 5) Gw=m o)+ 510) - @] + 515w - f(@)

Now, here we must assume that f is a Lipschitz function with Lipschitz constant K. Giving us

45 1£0) — F@) + Flw) ~ f@)

1-k
< (=== —al.lv—a
< < ) + - A +K> max{|w —@|, |[v — ul|}

Note that € = h?/2 and A is constant, so the multiple of the maximum above is bounded by a constant. Thus the
numerical flux is consistent with the PDE.
Finally, we can check that the method is TV stable by checking it is monotone preserving. To do this, we write

- H( 1’ m7 m+1)
and check that 9K /0v], > 0, OH / vy, >0, 9H/0v}, ., > 0. Based on our equation above we get that

—k k ek
H (V15 U Uiny1) = 5 (Umg1 + V1) + ﬁ(f(vgwrl) = flom_1)) + ﬁ(“mﬂ =205, + v )
Then oy 9ck
€
= - > — =
G =k g 2k k=0
because € = h?/2. We also have
OH  1-k A, . k1 koA, . k1= Af(n_y)
R T LA e it B B LA A S B
Using the CFL condition |A\f’(u)] <1 for all u we get
0]
i >0
I
And finally
oH 1-— k ek 1k Af'(whi)  k 1+A(vph)
= —_— — = - — — —_— - = - T >
Tomer 2 f( wtpE=y 3t T 3 2 20

So the scheme is monotone preserving and thus TV-stable. Then by our theorem, we know that the scheme will
converge to a solution of the PDE.
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7.2.3 Second Order Schemes

Sometimes the qual problem will ask you to provide a second order accurate scheme. If this is the case, they
will also ask for a second order accurate scheme (see S21 Problem 6). An important note with this case is that
a second order accurate scheme will not converge for large T. We cannot show that a second order accurate
scheme will be TV-stable, so even though the scheme is stable in the traditional sense, the convergence will be
violated as soon as the Lax equivalence theorem fails to apply.

The question will typically ask you to give an estimate on % in order for the scheme to converge for small time

T. This estimate will just be the CFL condition, i.e.

k
THOLES!

for all u. The problem will also usually ask why you cannot get convergence for large T. The answer to this is
because shocks and rarefactions mean that solutions to the PDE will no longer be continuous and then the CFL
condition will no longer apply. This is because the linearization of the conservation law will no longer be valid,
but it should be sufficient to say that shocks and rarefactions make the PDE no longer well-posed.
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